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We describe the structure of d-dimensional sets of lattice points,
having a small doubling property. Let K be a ﬁnite subset of Zd
such that dimK= d 2. If |K+K| < (d+ 43 )|K|− 16 (3d2 + 5d+ 8)
and |K| > 3 ·4d , then K lies on d parallel lines. Moreover, for every
d-dimensional ﬁnite set K⊆ Zd that lies on d 1 parallel lines, if
|K +K| < (d + 2)|K| − 12 (d + 1)(d + 2), then K is contained in d
parallel arithmetic progressions with the same common difference,
having together no more than v = |K + K| − d|K| + 12d(d + 1)
terms. These best possible results answer a recent question posed
by Freiman and cannot be sharpened by reducing the quantity v
or by increasing the upper bounds for |K+K|.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction and results
In this paper we will examine in detail the exact structure of a ﬁnite set of lattice points K in Zd ,
assuming that the doubling constant σ = |K+K||K| is small.
It is well known that |A + B| |A| + |B| − 1 for every two ﬁnite subsets A and B of Zd . Freiman
showed in [4] that for sets in general position a much better estimate holds. For every d-dimensional
ﬁnite set A ⊆ Zd we have
|A + A| (d + 1)|A| − 1
2
d(d + 1). (1)
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same common difference.
The minimal cardinality of the sumset obtained, we may ask what can be said about the structure
of A if |A + A| is minimal, i.e. |A + A| = (d + 1)|A| − 12d(d + 1). We obtained in [12] a complete
description of the structure of multi-dimensional sets having the smallest cardinality of the sumset:
if dim A = d and |A| > d + 4, then A consists of d parallel arithmetic progressions with the same
common difference. This result is an analogue of Vosper’s Theorem, the residue group Z/pZ being
replaced by the d-dimensional torsion-free group Zd .
The next natural step is to analyze the case when the cardinality of the sumset is not much
exceeding the extremal value. Freiman raised the following question (see [6, p. 249] and [5],
[3, p. 16]):
Problem. Let K be a ﬁnite subset of Zd such that |K +K| < σd|K|. Assume dimK = d. Find the range
of the small doubling coeﬃcient σd such that the exact structure of K can be described.
In this paper we completely characterize the structure of K for doubling coeﬃcient σd = d + 43 :
Theorem 1. Let K be a ﬁnite subset of Zd of aﬃne dimension dimK = d 2. If k = |K| > 3 · 4d and
|K + K| <
(
d + 4
3
)
|K| − cd, (2)
where cd = 16 (3d2 + 5d + 8), then K lies on d parallel lines.
Let us mention that two cases have been studied previously: the case d = 2 of Theorem 1 was
proved by Freiman in [4] and the case d = 3 was recently solved in [14].
Under the additional assumption that K lies on d parallel lines, we obtain the following precise
structure theorem:
Theorem 2. Let K be a ﬁnite subset of Zd of aﬃne dimension dimK = d  1. If the set K lies on d parallel
lines and
|K + K| < (d + 2)|K| − 1
2
(d + 1)(d + 2), (3)
then the set K is contained in d parallel arithmetic progressions with the same common difference, having
together no more than v = |K + K| − d|K| + 12d(d + 1) terms.
These results are best possible and cannot be sharpened by reducing the quantity v or by increas-
ing the upper bounds for |K + K|. If d = 1, then Theorem 2 turns into the well-known Freiman’s
(3k − 3) Theorem; the special case d = 2 was proved in [13, p. 135]. Moreover, we found that
similar theorems can be formulated for d-dimensional sets that have a small doubling coeﬃcient
σd = d + 2 − 2s−d+3 , where s  d is a positive integer; in a subsequent paper we will generalize the
results of [13] and prove that K lies on no more than s parallel lines. These results can be used to
make Freiman’s Main Theorem more precise; see [4,1,10,2].
2. Notation and preliminaries
Throughout this paper we use the following notations. Z denotes the rational integers and N the
nonnegative elements of Z. Let Rd be the d-dimensional Euclidean space and Zd the additive group
of integral vectors in Rd . If M is a ﬁnite set, the number of its elements will be denoted by |M|. We
denote by
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the algebraic sum of two ﬁnite sets M and N. We call 2M = M + M the sum set of M. For x ∈ Zd , we
write M + x for the set {m + x |m ∈ M}. By arithmetic progression of k terms in a torsion-free Abelian
group G, we understand a set of the form {a + tv | t = 0,1, . . . ,k − 1} where a, v ∈ G and v = 0.
The aﬃne dimension dim A of a set A ⊆ Rd is deﬁned as the dimension of the smallest hyperplane
containing A. We denote by e0 = (0, . . . ,0), e1 = (1,0, . . . ,0), e2 = (0,1, . . . ,0), . . . , ed = (0, . . . ,0,1)
the vertices of the standard d-dimensional simplex
Sd = {e0, e1, . . . , ed} ⊆ Rd.
A vector u will also be called a point and will be written in the form u = (u1, . . . ,ud), where ui ,
1 i  d, are the coordinates of the vector with respect to the canonical basis E = {e1, . . . , ed}. We
denote by a + Rv the line {a + tv | t ∈ R}.
Let us recall the concepts of isomorphism and projection in the sense of Freiman [4].
(a) Let G1 and G2 be commutative groups, A1 ⊆ G1 and A2 ⊆ G2. We say that a mapping
ϕ : A1 → A2 is a Freiman homomorphism of order two, if for every x1, x2, x3, x4 ∈ A1, not necessarily
distinct, the equation (i) x1 + x2 = x3 + x4 implies the equation (ii) ϕ(x1) + ϕ(x2) = ϕ(x3) + ϕ(x4).
We call ϕ a Freiman isomorphism if ϕ is invertible and its inverse is a homomorphism as well, that
is (i) holds if and only if (ii) holds. Obviously, every aﬃne isomorphism L : Rn → Rn is a Freiman
isomorphism between A ⊆ Rn and L(A).
(b) Let B = { f1, . . . , fd} be a basis of Rd . Let
H j = (x j = 0) = span{ f1, . . . , f j−1, f j+1, . . . , fd} (4)
be the (d − 1)-dimensional hyperplane spanned by the vectors f1, . . . , f j−1, f j+1, . . . , fd .
Let K ⊆ Rd be a ﬁnite set. Suppose that for xi ∈ R, 1 i  d−1 there are s 1 points of K having
the ﬁrst d − 1 coordinates equal to x1, . . . , xd−1 respectively. Instead of these s points, we choose
the points x1 f1 + · · · + xd−1 fd−1 + j fd , with 0  j  s − 1. This process is performed for all ﬁxed
(x1, . . . , xd−1) with s 1. The set
Pd(K) = P B,d(K)
so obtained is called the F-projection of the set K onto the hyperplane Hd with respect to the vec-
tor fd. The F-projection of the set K onto the hyperplane H j with respect to the vector f j is deﬁned
in a similar way and will be denoted by
P j(K) = P B, j(K).
This process of moving the elements of K along the lines {a+R f j}a∈Rd and in the ± f j direction, until
one obtains the F-projected set P j(K), induces in an obvious way a bijective map π f j : K → P j(K)
and thus |P j(K)| = |K|. Theorem 1.16 from [4] states that
∣∣P j(K) + P j(K)∣∣ |K + K|. (5)
We should note that this inequality is proved in [4] only for integral vectors, but is obviously true in
the settings of this paragraph. The technique of F-projection has been recently used in [13,7–9].
Let us give some examples which show that Theorems 1 and 2 cannot be sharpened by increasing
the upper bounds for |2K| or by reducing the quantity v.
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Ad = A2 ∪ {e3, . . . , ed},
where A2 ⊆ {ue1 + ve2 | u, v ∈ Z}. We clearly have |2Ad| = |2Ad−1| + |Ad−1| + 1 and thus
|2Ad| = |2A2| + (d − 2) +
∑
2kd−1
|Ak|. (6)
1. Assume that A2 = {ue1 + ve2 | 0  u < x, 0  v  2 and u, v ∈ Z}, where x  3 is an arbitrary
integer. Using (6) and |2A2| = 10x − 5, |Ak| = 3x + k − 2 we get |2Ad| = (3d + 4)x + (d−1)(d−2)2 − 5 =
(d + 43 )|Ad| − 16 (3d2 + 5d + 8). It is obvious that Ad cannot by covered by d parallel lines. This shows
that Theorem 1 cannot be improved by increasing the upper bound (2) for |2K|.
2. Assume that A2 = {ue1 | 0 u  n} ∪ {xe1} ∪ {e2}, where n  1 is an arbitrary integer and x > 2n,
x ∈ Z. Using (6) and |2A2| = 4|A2|−6 = 4n+6, |Ak| = n+k+1 we get |2Ad| = (d+2)|Ad|− (d+1)(d+2)2 .
It is obvious that Ad is a d-dimensional set, Ad lies on d parallel lines and there is no upper bound,
depending only on |Ad| and |2Ad|, for the number of terms of d arithmetic progressions of the same
difference that cover Ad. Indeed, any such d arithmetic progressions have at least x+d terms and we
can choose x arbitrarily large. This means that the conclusion of Theorem 2 is false, if inequality (3)
is not satisﬁed.
3. Assume that A2 = {ue1 | 0 u  n} ∪ {xe1} ∪ {e2}, where n  1 is an arbitrary integer and n + 1
x 2n, x ∈ Z. Using (6) and |2A2| = x+ 2n + 5, |Ak| = n + k + 1 we get
|2Ad| = x+ dn + d(d + 3)2 = (d + 2)|Ad| −
(d + 1)(d + 2)
2
− (2n + 1− x).
Note that |2Ad| < (d + 2)|Ad| − (d+1)(d+2)2 and d arithmetic progressions of the same difference that
cover Ad have at least x + d = |2Ad| − d|Ad| + d(d+1)2 terms. Therefore the estimate for v given in
Theorem 2 is optimal.
3. Projections and lower bounds
Freiman proved in [4, p. 25] that
|2K|
(
4− 2
r
)
|K| − 2r + 1, (7)
for every two-dimensional set K ⊆ Z2 lying on exactly r parallel lines. This lower bound can be
generalized to d-dimensional sets; we will prove in Lemma 1 two basic inequalities valid for every
d-dimensional subset of Zd that lies on exactly r parallel lines.
Lemma 1. Let K be a ﬁnite subset of Zd of aﬃne dimension dimK = d  2. Assume that there are r
parallel lines 1, . . . , r such that |K ∩ i | = ki  1 for every 1  i  r and k = |K| = k1 + · · · + kr . If
kmax = max{k1, . . . ,kr}, then
(a) |K + K| (d + 2− 2r−d+2 )(|K| − d + 2) − (2r + 2) + d(d+1)2 .
(b) |K + K| (d|K| − 12d(d − 1)) + (r − d + 1)(kmax − 1).
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If k 2r − d + 2, we get
|K + K|
(
d + 2− 2
r − d + 2
)(|K| − d + 2)− (2r + 2) + d(d + 1)
2
.
Therefore, we may assume that k 2r − d + 3 r + 1 and thus
k j  2, for some j, 1 j  r. (8)
We shall prove inequality (a) of Lemma 1 by induction on d  2. For d = 2 the result follows from
inequality (7). Let us take d  3 and assume that inequality (a) holds for all sets L ⊆ Zd−1 of aﬃne
dimension dimL = d − 1. Take a d-dimensional set K ⊆ Zd that lies on exactly r parallel lines.
We claim that there is a d-dimensional subset K0 ⊆ Nd such that:
(i) k0 = |K0| = |K| = k and |2K| |2K0|.
(ii) K0 lies on exactly r parallel lines δ1, . . . , δr .
(iii) The set K0 ∩ (δ1 ∪ · · · ∪ δr−1) has aﬃne dimension d − 1.
(iv) For every 1 j  r, we have |K0 ∩ δ1| |K0 ∩ δ j |.
Inequality (a) follows easily from assertions (i), (ii) and (iii). Indeed, if
K′0 = K0 ∩ (δ1 ∪ · · · ∪ δr−1), k′0 =
∣∣K′0∣∣ and K′′0 = K0 ∩ δr = K0 \ K′0, k′′0 = ∣∣K′′0∣∣,
then K′0 is a (d−1)-dimensional set that lies on r−1 parallel lines. Therefore, we may estimate |2K′0|
using the induction hypothesis:
∣∣2K′0∣∣
(
d + 1− 2
r − d + 2
)(
k′0 − d + 3
)− 2r + (d − 1)d
2
.
Using |2K′′0| 2k′′0 − 1 and
∣∣K′0 + K′′0∣∣=
r−1∑
i=1
∣∣K′′0 + (K0 ∩ δi)∣∣
r−1∑
i=1
(
k′′0 + |K0 ∩ δi| − 1
)= (r − 1)(k′′0 − 1)+ k′0
we conclude that
∣∣K′0 + K′′0∣∣+ ∣∣2K′′0∣∣ (r + 1)(k′′0 − 1)+ k′0 + 1 (9)
and thus
|2K| |2K0| =
∣∣2K′0∣∣+ ∣∣K′0 + K′′0∣∣+ ∣∣2K′′0∣∣

[(
d + 1− 2
r − d + 2
)(
k′0 − d + 3
)− 2r + (d − 1)d
2
]
+ (r + 1)(k′′0 − 1)+ k′0 + 1
=
(
d + 2− 2
r − d + 2
)(|K| − d + 2)− 2r − 2+ d(d + 1)
2
+
[
r − d − 1+ 2
r − d + 2
](
k′′0 − 1
)
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(
d + 2− 2
r − d + 2
)(|K| − d + 2)− 2r − 2+ d(d + 1)
2
.
Let us check now assertions (i)–(iv). Let d 3 and suppose that K ⊆ Rd is a d-dimensional set that
lies on exactly r parallel lines. From now on, unless otherwise stated, the hyperplanes H j are deﬁned
by (4), with respect to the canonical basis E . After an aﬃne isomorphism of Rd , we may assume that
the lines 1, . . . , r that cover K are parallel to the vector ed and {e0, ed} ⊆ 1 (see inequality (8)). If
L = Pd(K) denotes the F-projection of K onto the hyperplane Hd with respect to the vector ed, then
L ∩ Hd is the orthogonal projection of K onto the hyperplane Hd .
Note that dimK = d implies that L ∩ Hd is a (d − 1)-dimensional set. Moreover, using (8) and a
suitable aﬃne isomorphism of Rd, we may assume without loss of generality that
Sd ⊆ L. (10)
At this stage of the proof, let us emphasize the following properties of the set L: dimL = d,
|L| = |K|, |2K| |2L|, the set L is included in the half-space (xd  0) and L lies on exactly r parallel
lines to the vector ed . Moreover, one of these lines contains at least two distinct points (in view of
e0 ∈ L and ed ∈ L) and |L ∩ Hd| = r.
It is clear that for every 1  j  d − 1, a F-projection of L onto the hyperplane H j with respect
to the vector e j, doesn’t affect property (10), i.e. the simplex Sd will still be included in Pd(L). In
addition to this, the set Pd(L) lies also on exactly r parallel lines to the vector ed . Iterating this
observation and projecting L using all directions e1, . . . , ed−1 will produce a set
M = Pd−1
(
Pd−2 · · ·
(
P1(L)
))
included in Nd which satisﬁes assertions (i)–(ii) of our claim: |M| = |K|, |2K|  |2M|. The set M
lies on exactly r parallel lines to the vector ed, |M ∩ Hd| = r and we also have
Sd ⊆ M. (11)
We will show that a ﬁnite number of additional F-projections will map M into a set T that
satisﬁes also (iii) and (iv) of our claim.
Choose n 2 such that the set M is cover by exactly n aﬃne hyperplanes parallel to Hd−1.
There exists a point w = (w1, . . . ,wd−2,0,0) in M ∩ Hd−1 ∩ Hd such that the following two
assertions are equivalent:
1. tw + u ∈ M ∩ Hd−1 ∩ Hd and u ∈ Nd and t  1.
2. u = 0 and t = 1.
Let M′ be the F-projection of M onto the hyperplane Hd−1 with respect to the vector
f = ed−1 − w. We will denote by π f : M → M′ the corresponding bijection from M to M′.
If {v(1), . . . , v(r)} are the points of M lying in the hyperplane Hd , then the lines Red + v( j) ,
1  j  r cover the set M. Let v = (v1, . . . , vd−2, vd−1,0) be one of these points and assume that
vd−1  1. The line R f + v intersects the hyperplane Hd−1 in one point v ′ given by
v ′ = v − vd−1 f = v − vd−1(ed−1 − w) = vd−1w + (v1, . . . , vd−2,0,0).
The coordinates v1, . . . , vd−2 are all natural numbers, vd−1  1 and thus the point v ′ belongs to M
if and only if v1 = · · · = vd−2 = 0 and vd−1 = 1, that is if and only if v = ed−1.
Therefore if v = ed−1 and u is an arbitrary point of M lying on the line (Red + v), then the image
π f (u) belongs to a line (Red + v ′′) where the d− 1 coordinate of v ′′ is less than the d− 1 coordinate
of v , i.e.
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We distinguish two cases:
Case i. If n = 2, then the set M lies on two parallel hyperplanes: Hd−1 and ed−1 + Hd−1. Let
 = Red + v be one arbitrary line on which the set M lies. On the one hand, if  is included in Hd−1
or  = Red + ed−1, then each point of M ∩  will be left invariant by the F-projection π f ; in particu-
lar (11) implies that Sd ⊆ M′ and thus dim(M′ ∩ Hd−1) = d − 1. On the other hand, if  is included
in ed−1 + Hd−1 and v = ed−1, then π f () is included in Hd−1. Thus M′ \ Hd−1 ⊆ Red + ed−1 and
we conclude that M′ satisﬁes assertions (iii) and (iv) (indeed, we may choose the lines δ1, . . . , δr−1
included in Hd−1 and δr = Red + ed−1).
Case ii. If n  3, then the set M′ can be covered by exactly n′ hyperplanes, parallel to Hd−1 and
2 n′ < n, in view of (12). After a ﬁnite number of F-projections of this type we obtain the desired
set T . This completes the proof of Lemma 1(a).
(b) We shall prove inequality (b) of Lemma 1 by induction on d  2. Assume ﬁrst that d = 2 and
K ⊆ Z2 is ﬁnite two-dimensional set that lies on exactly r  2 parallel lines. After a coordinate change
we may write
K = K1 ∪ K2 ∪ · · · ∪ Kr,
where the set Ki lies on the line li : (x1 = ai) and a1 < a2 < · · · < ar . Let Ki ⊆ Z be the set of ordinates
of Ki = K ∩ li . Note that for 1 t  r we have
a1 + a1 < a1 + a2 < · · · < a1 + at < a2 + at < · · · < ar + at < ar + at+1 < · · · < ar + ar .
If kt = kmax, then
|2K|
∑
1it−1
|K1 + Ki | +
∑
1 jr
|Kt + K j| +
∑
t+1r
|K + Kr |

∑
1it−1
(k1 + ki − 1) +
∑
1 jr
(kt + k j − 1) +
∑
t+1r
(k + kr − 1)
= 2k + (r − 1)kt + (t − 1)k1 + (r − t)kr − (2r − 1)
 2k − 1+ (r − 1)(kmax − 1).
Let d  3 and suppose that assertion (b) of Lemma 1 holds in all dimensions less than d. Take
a d-dimensional set K ⊆ Zd that lies on exactly r parallel lines. There exists a d-dimensional subset
K0 ⊆ Nd such that assertions (i), (ii), (iii) and (iv) are true. Note that
kmax = max
1 jr
|K ∩  j| = max
1 jr
|K0 ∩ δ j| = max
1 jr−1
|K0 ∩ δ j|.
Using the same notations as above, the induction hypothesis implies that
∣∣2K′0∣∣
(
(d − 1)k′0 −
(d − 1)(d − 2)
2
)
+ ((r − 1) − (d − 1) + 1)(kmax − 1)
= (d − 1)(k − k′′0)− (d − 1)(d − 2)2 + (r − d + 1)(kmax − 1).
Moreover, from inequality (9) if follows that |K′0 + K′′0| + |2K′′0| r(k′′0 − 1) + k. Thus,
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∣∣2K′0∣∣+ ∣∣K′0 + K′′0∣∣+ ∣∣2K′′0∣∣
= (d − 1)(k − k′′0)− (d − 1)(d − 2)2 + (r − d + 1)(kmax − 1) + r
(
k′′0 − 1
)+ k
= dk − (d − 1)d
2
+ (r − d + 1)(kmax − 1) + (r − d + 1)
(
k′′0 − 1
)
 dk − (d − 1)d
2
+ (r − d + 1)(kmax − 1).
This completes the proof of Lemma 1(b). 
4. A simple case
We show ﬁrst that Theorem 1 is true if we assume that there is a line  such that |K ∩ | 5. The
following assertion is a direct corollary of Lemma 1.
Lemma 2. Let K be a ﬁnite subset of Zd of aﬃne dimension dimK = d and having the small doubling property
|K + K| < (d + 43 )|K| − 16 (3d2 + 5d + 8). If there is a line  such that |K ∩ | 5, then K lies on d parallel
lines.
Proof. The set K is decomposable into r  d subsets K1, . . . ,Kr which lie on r lines 1, . . . , r parallel
to . It follows that
kmax = max
{|K1 ∩ 1|, . . . , |Kr ∩ r |} 5.
(a) If d + 1 r  k−d+23 + d − 2, then assertion (a) of Lemma 1 implies that
|2K|
(
d + 2− 2
r − d + 2
)(|K| − d + 2)− (2r + 2) + d(d + 1)
2

(
d + 2− 2
3
)(|K| − d + 2)− (2(d + 1) + 2)+ d(d + 1)
2
=
(
d + 4
3
)
|K| − 1
6
(
3d2 + 5d + 8),
which contradicts the small doubling property of K.
(b) If r > k−d+23 + d − 2, then assertion (b) of Lemma 1 implies that
|2K|
(
d|K| − 1
2
d(d − 1)
)
+ (kmax − 1)(r − d + 1)

(
d|K| − 1
2
d(d − 1)
)
+ 4(r − d + 1)
>
(
d|K| − 1
2
d(d − 1)
)
+ 4
(
k − d + 2
3
− 1
)
=
(
d + 4
3
)
|K| − 1
6
(
3d2 + 5d + 8),
which again contradicts the small doubling property of K.
It follows that r = d and this completes the proof of Lemma 2. 
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The next result provides the inductive step in the proof of Theorem 1. Let us note that for d = 2 a
stronger result was proved in [13] and in [11] it was recently generalized in [9].
Lemma 3. Let K be a ﬁnite subset of Zd of aﬃne dimension dimK = d and having the small doubling property
|K + K| < (d + 43 )|K| − 3d
2+5d+8
6 . Assume that |K| > 4d. Then
(a) K lies on d parallel lines,
or
(b) there exists a proper subset K∗ ⊆ K such that dimK∗ = d, |K∗|  |K| − 4 and |2K|  |2K∗| +
(d + 1.5)(|K| − |K∗|),
or
(c) there exists a point v ∈ K such that K∗ = K \ {v} satisﬁes dimK∗ = d − 1 and |2K| |2K∗| + (d + 2).
Proof. Let C be the convex hull of K. The set C is a polyhedron whose vertices are all contained in K.
We will use the following notations: if A is an arbitrary vertex of C we denote by E A1 , . . . , E At the
edges of C that meet at A. C is a d-dimensional polyhedron and so the degree of A is t = deg(A) d.
For every i,1 i  t , choose Ai ∈ K on the edge E Ai such that there is no other point of K between
A and Ai . We will say that A1, . . . , At are the neighbours of A in C .
Case A. If for some vertex A of C we have t = deg(A) d + 1, then the removal of A from K reduces
the cardinality of 2K by at least d + 2. Indeed, if K∗ = K \ {A}, then
|2K| ∣∣2K∗∣∣+ ∣∣{A + A, A + A1, . . . , A + At}∣∣ ∣∣2K∗∣∣+ t + 1

∣∣2K∗∣∣+ d + 2 = ∣∣2K∗∣∣+ (d + 2)(|K| − ∣∣K∗∣∣)
>
∣∣2K∗∣∣+ (d + 1.5)(|K| − ∣∣K∗∣∣).
If dimK∗ = d, then assertion (b) is true and if dimK∗ = d − 1, then assertion (c) holds.
Case B. We assume that for every vertex A of C we have deg(A) = d. If there is a vertex B of C such
that the set K does not lie in the lattice λ generated by the points B, B1, B2, . . . , Bd, then there is
B∗ ∈ K \ λ,
B∗ = α1(B1 − B) + α2(B2 − B) + · · · + αd(Bd − B),
for which at least one of the coordinates αi,1  i  d is not an integer. Moreover, we may assume
that we choose B∗ ∈ K\λ in such a way that there is no other vector B ′ = B in K\λ, with coordinates
α′1, . . . ,α′d satisfying α
′
1  α1, . . . ,α′d  αd. Then 2B, B + B1, . . . , B + Bd and B + B∗ are in 2K, but
not in 2(K \ {B}). Therefore, if we put K∗ = K \ {B}, then
|2K| ∣∣2K∗∣∣+ (d + 2) > ∣∣2K∗∣∣+ (d + 1.5)(|K| − ∣∣K∗∣∣). (13)
If dimK∗ = d, then assertion (b) is true and if dimK∗ = d − 1, then assertion (c) holds.
Case C. We assume that for every vertex V of C we have deg(V ) = d and K lies in the lattice generated
by V and his neighbours V1, . . . , Vd. Choose an edge A0B0 of the convex hull of K. Let {A1, . . . , Ad}
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planes that contains the vertices {A0, A1, . . . , Ad−1} and {B0, B1, . . . , Bd−1}, respectively. Without loss
of generality, we may assume that
(i) Ad and Bd lie on the edge A0B0;
(ii) A0 = e0 and Ai = Ai − A0 = ei, for i = 1,2, . . . ,d;
(iii) K lies in Zd ∩ {(x1, . . . , xd) | x1  0, . . . , xd  0}.
Let us denote for every 0 i  d − 1
KAi = K ∩ {Ai + ted | t  0}, ki = |KAi |, Li = Ai + Red, Pi = Li ∩ HB , vi = Pi − B0.
We will distinguish several subcases, but we prove ﬁrst that the line Li intersects the hyper-
plane HB in a point Pi that belongs to K or inequality (13) holds for K∗ = K \ {B0}. The sets
{B1 − B0, . . . , Bd−1 − B0} and {v1, . . . , vd−1} are linearly independent and thus we have
HB = B0 + spanR{B1 − B0, . . . , Bd−1 − B0} = B0 + spanR{v1, . . . , vd−1}.
Moreover, note that k0  2 and K is included in
CB =
{
B0 + t1v1 + · · · + td−1vd−1 + td(−ed): ti  0
}
.
Let Pid be the convex hull of Kid = K ∩ span{ei, ed}. Pid is a two-dimensional polygon that con-
tains the points {A0, Ai, B0}. The point A0 belongs to one of the two edges of Pid which intersects
at B0. On the other edge we pick a point Ri ∈ K so that there is no other point of K between B0
and Ri .
If Ri = Pi , then inequality (13) holds for K∗ = K \ {B0}. Indeed, the removal of B0 from the set Kid
reduces the cardinality of 2Kid by at least four and consequently |2K|  |2K∗| + (d + 2) > |2K∗| +
(d + 1.5)(|K| − |K∗|), where K∗ = K \ {B0}. In this case, if dimK∗ = d, then assertion (b) is true and
if dimK∗ = d − 1, then assertion (c) holds.
If Ri = Pi ∈ K,1 i  d− 1 then we shall analyze several situations as follows. For every integer t
we denote by Ht the hyperplane deﬁned by
Ht : (x1 + x2 + · · · + xd−1 = t).
Case C1. Assume k1 = · · · = kd−1 = 1. This is equivalent to Pi = Ai , for every 1 i  d − 1. It follows
that K lies on d parallel lines L0, L1, . . . , Ld−1.
Case C2. If k0  5, then Lemma 2 implies that K lies on d parallel lines.
Case C3. We assume that max{k1, . . . ,kd−1} 2, k0  4 and K ∩Ht = ∅, for every t  2. In this case K
lies on d parallel lines L0, L1, . . . , Ld−1 and assertion (a) is true.
In view of Cases C1, C2 and C3, we may assume max{k1, . . . ,kd−1} 2 and that there exists t  2
such that K ∩ Ht = ∅. This implies that dim(K \ KA0 ) = d, because {e1, e2, . . . , ed−1} ⊆ K ∩ H1. Put
K∗ = K \ KA0 . It follows that it is enough to examine the situation
dimK∗ = d, max{k1, . . . ,kd−1} 2 and k0  4. (14)
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from K reduces the cardinality of 2K by at least (d + 1.5)k0. Indeed, KA0 is not an arithmetic pro-
gression implies (i) |2KA0 | 2k0 and (ii) |KA0 + K j| k0 + k j , if k j  2. By using k0  4 we get that
assertion (b) is true:
|2K| ∣∣2K∗∣∣+ |2KA0 | + ∣∣KA0 + (KA1 ∪ · · · ∪ KAd−1)∣∣

∣∣2K∗∣∣+ 2k0 + ((d − 1)k0 +max{k1, . . . ,kd−1})

∣∣2K∗∣∣+ ((d + 1)k0 + 2) ∣∣2K∗∣∣+ (d + 1.5)k0.
If M = P + {m1ed, . . . ,mted} is a set lying on a line parallel to ed , let us deﬁne it’s length by l(M) =
max{m1, . . . ,mt} −min{m1, . . . ,mt}.
Case C5. We assume that (14) holds, KA0 is an arithmetic progression and the maximal length
max{l(KA1 ), . . . , l(KAd−1 )} > l(KA0 ).
It is obvious that |KA0 + (KA1 ∪ · · · ∪ KAd−1)| (d − 1)k0 + k0 = dk0 and thus the removal of KA0
from K reduces the cardinality of 2K by at least (d + 1.5)|KA0 |. Indeed, assertion (b) holds because:
|2K| ∣∣2K∗∣∣+ |2KA0 | + ∣∣KA + (KA1 ∪ · · · ∪ KAd−1)∣∣

∣∣2K∗∣∣+ (2k0 − 1) + dk0 = ∣∣2K∗∣∣+ (d + 2)k0 − 1

∣∣2K∗∣∣+ (d + 1.5)k0.
Case C6. We assume that (14) holds, KA0 is an arithmetic progression and the maximal length
max{l(KA1 ), . . . , l(KAd−1 )}  l(KA0 ). In this case, l(KA0 )  3 and therefore K lies between two par-
allel hyperplanes (xd = 0) and (xd = 3). We continue the analysis of Cases A, B and C for each of the
edges K ∩ {tek : t  0}, k = 1,2, . . . ,d − 1. If assertions (a), (b) and (c) are not true, then we obtain
that K lies inside a bounded parallelepiped 0 x1, . . . , xd  3 and so |K| 4d.
This completes the proof of Lemma 3. 
6. Proof of Theorems 1 and 2
Proof of Theorem 1. We shall prove Theorem 1 by induction on d.
For d = 2, Theorem 1 is equivalent to Theorem 1.17 [4, p. 28]. Let d  3 and suppose that Theo-
rem 1 holds in all dimensions less than d. Take a d-dimensional ﬁnite set K ⊆ Zd such that K satisﬁes
the small doubling property (2) and k = |K| > 3 · 4d.
Let K′ be a minimal subset of K satisfying
dimK′ = d, (15)
∣∣2K′∣∣ |2K| −
(
d + 3
2
)(|K| − ∣∣K′∣∣), (16)
∣∣K′∣∣ 1
3
|K|. (17)
The set K′ exists, because K satisﬁes the above conditions. Put k = |K| and k′ = |K′|. Note that K′
satisﬁes the small doubling property
∣∣2K′∣∣<
(
d + 4
3
)
k′ − cd. (18)
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|K′| 13k > 4d and dimK′ = d. We apply Lemma 3 for the set K′ and deduce that one of the three
assertions is true:
(a) K′ lies on d parallel lines, or
(b) there exists a proper subset K′′ ⊆ K′ such that dimK′′ = d, |K′′| |K′| − 4 and |2K′| |2K′′| +
(d + 32 )(|K′| − |K′′|), or
(c) there exists a point v ∈ K′ such that K′′ = K′ \ {v} satisﬁes dimK′′ = d − 1 and |2K′| |2K′′| +
(d + 2).
If (a) is true, then K′ lies on d parallel lines and there exists a line  in Rd such that |K′ ∩ |
1
d |K′|; thus
|K ∩ | ∣∣K′ ∩ ∣∣ 1
d
∣∣K′∣∣ 1
d
|K|
3
>
4d
d
 5.
By Lemma 2 we get that K lies on d parallel lines.
Assume that assertion (b) is true. Then dimK′′ = d and
∣∣2K′′∣∣ ∣∣2K′∣∣−
(
d + 3
2
)(
k′ − k′′)

(
|2K| −
(
d + 3
2
)(
k − k′)
)
−
(
d + 3
2
)(
k′ − k′′)
= |2K| −
(
d + 3
2
)(
k − k′′).
Therefore we should have k′′ < k3 , otherwise there would be a contradiction to the minimal choice
of K′. Note that
k
3
 k′  k′′ + 4< k
3
+ 4.
We obtain
∣∣2K′∣∣ |2K| −
(
d + 3
2
)(
k − k′)<
((
d + 4
3
)
k − cd
)
+
(
d + 3
2
)(
k′ − k)
=
(
d + 3
2
)
k′ +
((
d + 4
3
)
−
(
d + 3
2
))
k − cd =
(
d + 3
2
)
k′ − k
6
− cd
=
(
(d + 1)k′ − 1
2
d(d + 1)
)
+
(
k′
2
− k
6
)
+ 1
2
d(d + 1) − cd

(
(d + 1)k′ − 1
2
d(d + 1)
)
+
(
1
2
(
k
3
+ 4
)
− k
6
)
+ 1
2
d(d + 1) − cd
=
(
(d + 1)k′ − 1
2
d(d + 1)
)
− d − 2
3
< (d + 1)k′ − 1
2
d(d + 1).
Using inequality (1) we get that dimK′  d − 1 and this contradicts the choice of K′ .
It remains to show that if assertion (c) is true, then the set K lies on d parallel lines. We show
ﬁrst that |2K′′| < (d+ 13 )k′′ − cd−1. Indeed, if |2K′′| (d+ 13 )k′′ − cd−1, then |2K′| = |2K′′| + k′′ + 1
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dimK′′ = d − 1 and
k′′ = k′ − 1 k
3
− 1 > 3 · 4
d
3
− 1 = 4d − 1 3 · 4d−1.
We apply the induction hypothesis for the set K′′ and obtain that K′′ lies on d − 1 parallel lines.
Therefore, |K ∩ |  |K′′ ∩ |  1d−1k′′  1d−1 ( k3 − 1) > 4
d−1
d−1  5. In view of Lemma 2 we get that K
lies on d parallel lines. 
Proof of Theorem 2. After a coordinate change, we may assume without loss of generality that
(i) K lies on d lines 0, 1, . . . , d−1 parallel to ed;
(ii) For every 0 i  d − 1, we have ei ∈ Ki = i ∩ K;
(iii) For every 0 i  d− 1, there exists a set Ki of nonnegative integers such that Ki = {ei + te3 | t ∈
Ki};
(iv) The greatest common divisor of K1 ∪ · · · ∪ Kd is equal to one.
We denote by l(Ki) = max(Ki) − min(Ki) the length of Ki . It is enough to prove that the small
doubling property (3) implies
l(K0) + l(K1) + · · · + l(Kd−1) |2K| − d|K| + d(d − 1)2 . (19)
The proof of inequality (19) is by induction on d. For d = 2 the result is equivalent to Theorem B
from [13].
Let us take d 3 and assume that inequality (19) holds for all sets of aﬃne dimension d− 1. Take
a d-dimensional set K ⊆ Zd such that (i)–(iv) are true. Denote by P the F-projection of K onto the
hyperplane
H = span{e1, e2, . . . , ed−2, ed} = (xd−1 = 0)
parallel to the vector
w = max(K0)ed − ed−1.
If δ∗ denotes the line passing through the points max(K0)ed and ed−1, then for every line δ = δ∗
parallel to Rw , the intersection δ ∩ K consists of maximum one point. Therefore, P is also a d-
dimensional set that lies on 0, 1, . . . , d−1. For every 0 i  d − 1 let us choose a set Pi ⊆ Z such
that
P ∩ i = {ei + ted | t ∈ Pi}.
If l(Pi) = max(Pi) −min(Pi) is the length of Pi and M0 = max K0, then
P1 = K1, . . . , Pd−2 = Kd−2, Pd−1 = {0}, P0 = K0 ∪ (Kd−1 + M0)
and
l(P1) = l(K1), . . . , l(Pd−2) = l(Kd−2), l(Pd−1) = 0, l(P0) = l(K0) + l(Kd−1). (20)
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d(d+1)
2 . Indeed, in view of (5) we have |2K| |2P| and |K| = |P|; using
∣∣P∗∣∣= |P| − 1 = |K| − 1, |2P| = ∣∣2P∗∣∣+ ∣∣P∗∣∣+ 1 = ∣∣2P∗∣∣+ |K|
it follows that
∣∣2P∗∣∣= |2P| − |K| |2K| − |K| (21)
and (3) gives
∣∣2P∗∣∣< (d + 2)|K| − (d + 1)(d + 2)
2
− |K| = (d + 1)|K| − (d + 1)(d + 2)
2
= (d + 1)∣∣P∗∣∣− d(d + 1)
2
.
Assertion (iv) implies that gcd(P∗) = 1 and therefore we apply the induction hypothesis for the
set P∗ . We get
l(P0) + l(P1) + · · · + l(Pd−2)
∣∣2P∗∣∣− (d − 1)∣∣P∗∣∣+ (d − 2)(d − 1)
2
.
Using (20) and (21) we conclude that
l(K0) + l(K1) + · · · + l(Kd−1) = l(P0) + l(P1) + · · · + l(Pd−2)

∣∣2P∗∣∣− (d − 1)∣∣P∗∣∣+ (d − 2)(d − 1)
2

(|2K| − |K|)− (d − 1)(|K| − 1)+ (d − 2)(d − 1)
2
= |2K| − d|K| + (d − 1)d
2
.
This completes the proof of Theorem 2. 
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